—Chapter 8—

Alternating-
Current Circulits
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8-1 Oscillator Circuit

A. RL CIRCUIT
(1) A circuit with inductance, driven by an alternating electromotive force.
R

&, cos w1 @ L

MW\

R
The Kirchhoff loop equation for the series RL circuit and the

alternating current is

dl
LE+R1 = &y cos wt

I1(t) = Iy cos(wt + ¢)
Thus, we obtain

—wLly sin(wt + ¢) + Rl cos(wt + ¢) = & cos wt -+ (a)
Using trigonometric angle sum identity, we obtain

—wLly (sin wt cos ¢ + cos wt sin ¢)

+ Rl (cos wt cos ¢ — sin wt sin (;b) = &, coswt
(—a)LIO cos ¢ — R, sin qb) sin wt
+ (—a)LIO sin¢g + Rlycos ¢ — 80) coswt =0
Setting the coefficients of sin wt and cos wt separately equal to zero

gives, respectively,
wL

—wLlycosp —RIysing =0 = tang¢ = -

and
—wLlysing + Rlgcosp —E, =0
which gives
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€o
fo= Rcos¢p — wLsing
" Rcos¢ + Rtan ¢ sin ¢
_ Eycos
B R(cos? ¢ +sin? ¢)

Since

ol VR? + (wl)?

R
R
COSp = ————
R? + (wL)?
we get
VR T D2

Since wL has the dimensions of resistance, this quantity is called the
inductive resistance.

(2) Thus, we have
E =E&jcoswt

<

/t‘ =&, cos ot

&y ¢
I=———— cos (0f —tan” 5
VR? + L2

Since ¢ is a negative angle, the current reaches its maximum a bit
later than the electromotive force.
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Complex exponential solutions - A powerful and beautiful method
The Kirchhoff loop equation is

LYy ki = gpetor
dt 0

1(t) = I,e't where I, is a complex number
Thus, we obtain
iwLlje™t + Rl '@t = £ etk

Canceling the et we get
~ o
[p=—2—
iwl +R
- (R-ial)
RZ+ (wL)2 '
S — .
—————— RZ + (wL)2e'®
RZ + (wL)Z‘/— (wl)?e
— ___gi__ i¢
T @b
wL wL
tangp = —— > ¢ =tan" ! =)= —tan"!( —
Thus, we obtain
£ =Epe't
_ ____g_i__:ei(wt—tan_l%l’)
JRZ + (wl)?

RC CIRCUIT

An alternating electromotive force in a circuit containing resistance
and capacitance where we have defined Q to be the charge on the
bottom plate of the capacitor.

& cos wr @ —_—cC

0

M

R
The Kirchhoff loop equation for the series RC circuit and the
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alternating current is

—%+ RI = g ei@t
Q=CV
I(t) = foe“"t
Since
dQ
[=——
dt _
Iy .
Q= —fldt = ——elwt
iw
we have
IO iwt ettt 4 RI iwt 6 iwt
ia)C

iwt

Canceling the e'®*, we get

o= =20 % <R +i > = o e'd
0 — - | = w—
z_a%‘ LR "R+ (1/wC)? wC \/R_z ¥ (1/wC)?
. 1/wC 1
M = = Rk

(2) Thus, we obtain
£ =Epelet

& ( -1_1 )
0 wt+tan™ g

E=§&,cos ot
/”"“-‘ .\
s \
AN
AN

Cos (wr + tan

Rm(‘)

m(
The maximum in I occurs here a little earlier than the maximum in &.

C. RLC CIRCUIT

(1) The RLC circuit driven by a sinusoidal electromotive force where we
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have defined Q to be the charge on the bottom plate of the capacitor.
L

&, cos wt @ _—cC

MW

R
The Kirchhoff loop equation for the series RLC circuit is
LY 9 g = et
dt C 0

1(t) = [,e'®t where I, is a complex number

I, .
Q= —fldt = —2eiwt
Lw

Thus, we obtain

. Iy . . .
ileoglwt +l_a%‘ gl(ut +R109lwt — gogla)t

Canceling the e't, we get

- Iy .
iwLlp + — + RI, = &
lwlig ioC 0 0

_ &
fo=———
iwl + R + Tl
o , 1
= | R—i|wl — o
o (o )
2
= %o R% + a)L——l— el
2 wC
_ €o eld
2
R2 + (wL - —C-)
1
—=— wL 1 L
_wC_“ _wh
tang =" RwC R
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(2) Thus, we obtain
£ =Epett
&o ei(wt+tan‘1( 1 wL))

RwC™ R
1 2
2 -
JR + (wL C)

I =
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8-2 Resonant Circuit

A. RLC CIRCUIT

(1) The RLC circuit driven by a sinusoidal electromotive force.
L

& cos wt @ p—

R
We have
€ = Epelet
[ = &o i(wt+tan‘1(RZ)C—%L))
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L=10"" henry

-'ﬁ

§ R =20 ohms “

I . "= 107 farad
5 @y = 1/VLC = 10° rad/s
%

2

3

=3

a 2

E R =60 ohms

O

R = 200 ohms

0 0.5 1.0 1.5 2.0 25 3.0
w/ay,

(2) The maximum in Iy(w) occurs at
1 1

1
L——=02w?=—=wy = —
RS T T
Thus, we obtain

gmax = gO
&o &o

I = =
0,max (—RZ T 02 R

(3) Width of the Iy(w) curve
The width of a resonance peak is the full width, 2Aw, between half-
power points, i.e.,

1
P1/2 = EPmax

Since
P =1I°R
we obtain
| _ 1 _ Eo
0,1/2 — \/E 0,max \/RZ_ TR_E
1
> |wL——=| =R
@ wC
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Consider frequencies in the neighborhood of wg,
Aw
W= wy+Aw = wy 1+;—

To first order in Aw/wy,

wL woL <1 + w) !
’ o/ w,C (1 + %’)
Aw 1 Aw
<ot (1+52) (1)
Since
, 1 1
Wo =pc = @l =0
thus, we obtain
1 Aw 2Aw
a)L—;C—.z w0L<1 +Z):>—w0L<1———O> = wy w_o =R
2|[Aw| R
Ton = ol RwyC

B. DAMPED OSCILLATOR CIRCUIT

(1) A series RLC circuit.

_______________
[ Of— Vv L
: AN
R
dl Q
L—+RI——=0
dt + c
Q=CV
do av
RPN
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Thus, we have

Ld CdV + R CdV V=0
dt dt dt B

d2V+RdV+ 1 VZo

dtz2 " Ldt LC
This is a damped oscillation equation. We shall try a solution of the
form

V(t) = Ae%telwt
Since

dv .

= Ae e (—q + (w)

d? .

o Ae~ et (q? — 2iaw — w?)

thus, we obtain
, R .
Ae~ et (g2 — 2iqw — w?) + er_“te”"t(—a +iw)

+_1_Ae—at iwt — =0

LC
1
(a? — 2iaw — w2)+ (a+l(u)+LC 0
R+ 1 ) Rw —0
a? — w? ar+7z i| 2aw =
We require
2 Y=o
- - = = _-—
aw —— @ =z
R+1 —0 ) 1 R?
— — — = _
@m0t —apts CTTLCT a2

(2) Thus, we obtain

R, f R?
V(t) = Ae 2Lt NIC Tazt
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_ CdV
N dt

= ACe %ol (g — jw)
— ACe—t /az +wzei(wt—tan‘1w/a)

. R
i [ E i

412 " LC 412
1 R2, . _,[1 R?
oA

Zoom in a period:
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3 —
(W) S
i N—

4 - ..\\ v /
-— =
IR

3) IftR=0,
1

0 . ’ 1 0
) ———t .
V(t) = Ae 2L e NLC 412" = Ae'®o! where wy =
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) 0 1 [1 0 /o
1(6) =4 F ot (foemsizt=on™ [ 31)
L
C ( +—=t—tan~! 00>
= A\/;e \[LC

Cc .
=A |- i(wot-1/2)
\/;e

we obtain a undamped oscillator.

&) If——EZ-—O:R—Zf
1

V() = Ae el = Ae VIT' = Ae-wot

I(t) _A\/ge—ﬁt l(Ot tan—lo/ZL fe 2L _Af —wot

we obtain the critical damping.
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C = 0.01 microfarad

[— L
L = 100 microhenrys
R
under-damping
R =20 ohms

R = 60 ohms

critical damping
R =200 ohms

over-damping
R = 600 ohms

(3]
"
F N
N
=)
~
00
L=l
S

Time (us)
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8-3 Power and Energy in Alternating-Current Circuits

A. ADMITTANCE AND IMPEDENCE
(1) The relation between current flow in a circuit element and the voltage

across the element can be expressed as a relation between the complex
numbers that represent the voltage and the current.

M
&y cos wt @ L

MW

R
The voltage and current oscillation are represented by
17 = Soeiwt
i - EO __ei(wt+¢) - _el¢ goeiwt
VR? + (wL \/7?2 + (wL)?

)2
¢ = —tan™! <%L>

(2) We define a complex number as follows,

I=yv
eld
Y = —————"---- admittance (conductivity in complex)
VR? + (wl)?
1
" iwL+R

The same relation can be expressed with the reciprocal of Y, denoted
by Z,

zI

1

N <t
Il

7o impedence (resistivity in complex)

(3) The properties of the three basic circuit elements are summarized
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Complex impedances

Symbol Admittance, ¥ Impedance, Z = 1/Y
I
R VW R
R
1
L~ R il
iwl
1
C iwC —
-”_ @ iwC
I =YV V=17
EXAMPLES:

1. Find the complex voltage across, and current through, each of the
three elements where L = R/w and C = 1/wR.

—
&y cos @t @
R L
ANSWER:
The three 1impedances are then
1
Zo=— =—iR
¢ iwC '
ZR = R
7, = iwL = iR
The impedance of the entire circuit is
P 1 1 1 - 1 R 1—-1i
ST T T T, 1 T 1R
Ze T 7, R oL RTIR
The complex total current:
- .. & & 1 & )
= = = —_— = — = —
Ve=Zl=l=—=—r—=70+0)

The complex voltage across each element:
. - &
V.=2.0= (—iR)?O(l +0) =& —10)

Ve=V, =6 -V, =&, — & —1) =i&,
The complex current through each element:
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~ _VR_lg()
R=Z: " R
L i& &

B. POWER AND ENERGY IN ALTERNATING-CURRENT
CIRCUITS

(1) The energy dissipated in the resistor is given by
2

14
Pr = RI* = —
. R

However, as [ = [,e!®!t and V = Vye'®t, we shall evaluate the average
power instead of the instantaneous power.

Since
2

— 1 1 wtr —iwt V0

V2= (VV) = iREVV* = ‘REVOe‘“’ Voe Wt = 7
or take the real part only

Ve (T, vé (/1 1 Vé Ve

— tdt =—| (=+=cos2wt |dt =—=T = —

T_LCOS(D T_’;, 5 5 c0s20 5T >
The average power dissipated in the resistor is

5 1VOZ _ Vrrzns

Py =—— =
K2R R
where
Vo
Vims = N root-mean-square (rms) value
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(2) The average power P delivered to the RL circuit corresponds to the
horizontal dashed line.
VI = Voeiwtioeiwt — VOTOeZiwt

5} 1 7* ,lwt ,—iwt 1
P=(vi)= R Volge' e™ = —Voly cos ¢ = Vsl COS P
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